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ELLIPTIC INTEGRAL OF THE THIRD SPECIES. 
By Mr. Cuas. H. KuMMELL, Washington, D. C. 


The theorem which I call Somoff’s, is a relation between elliptic integrals 
of the third species in successive steps in the scale of moduli and corresponding 
amplitudes and parametric angles. I had, however, independently discovered 
this theorem, and founded on it the methods which I am going to explain, before 
I saw Somoff’s article in Crelle’s Journal, Vol. XLVII, pp. 269-289, and since 
they are essentially different from Somoff’s methods, and in some respects more 
convenient, it may be of some use to give them also. 

If, according to the notation which I have used in previous articles, 

? 9 
Oo 


then Jacobi’s type form of the elliptic integral of the third species is 


‘costa + sin? p Py sin “cos 
Ju 
= Uh sin? — (2) 


where //, denotes Legendre’s type for the third species, in which the parameter 
n= sin’ (3) 


This integral vanishes for all values of # which cause either sin 4, cos j, or du 
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to vanish; viz.: if 2m 4,* or =(2m’ + 1) 4, or = [(2m 4 1) 4, + (2m’ + 1) 
44?)_,, or, in the simplest cases, if # = 0, or =4, or = (4) + 432)—y. 
The parametric angle cannot be real in all cases, and it is necessary to as- 


sume the more general form, 


n= sin? + 


[sin ps J(v3)_ 3 + ¢cos Jp sin» cos vf’. (4) 
I “Ul Ss] 
This is real if 
I. sin» =o, then = — 7’*sin’ (o< —u<7*) (4) 
2. sin z= 0, then = — 7’sin?(v32)_, (— (4) 
3. cosy=0, then m= — (fy + sin? 
(I< (45) 
4. 0, then = — 7’ sin’(4, + = — Fo 
(77 84, 1) (44) 


This completes the range of real values for parameter. There are, however, 
four other forms extending over the same ranges respectively, which are obtain- 
ed from these by taking elliptic complements to » or v; thus, 


2’. n= sin’ (4332+ = cot», (4,’) 

3. a= (sy + (I< (4,’) 

4. n= — Psi’ (4y + 432 + = (4) 


These last four cases, which I give only for reference, are not essentially 
different from the first four, and they may replace each other respectively. By 
means of the theorem for the addition of parameters, 

IH(¢,, + 32) = IN (¢), + I 
— sin sin (¥32) sin + ¥37)_, 


+ pi sing sin + 432+ ¢))_, (3) 
—7sinp sin (viz) sin sin + ¥32—¢y)_,’ 


*See ANNALS OF MATHEMATICS, Vol. II, p. 38. 


; 
} 
{ 
2 
{ 
4 
hy 
! 
4 


OF THE ELLIPTIC INTEGRAL OF THE THIRD SPECIES. 75 
we can reduce’all cases to the first two forms, viz. : — 
1. the logarithmic integral, 
d¢ sin’ ¢ 
II (¢y, =f sin cos 
Oo 
2. the cyclometric integral, 
cos* v dg 4+ 7? tan’ v sin’ ¢ 
and we have the following special formula of reduction : — 
(gy, 4y + py) = — 7 Sin wsin( Jy + 
sin sing sin(4t, + fy — ¢y)—) 
; I (mu, — ¢y)_, 
on Ble. cos (6) 
My) du + ¢ ) 
tan v 
H(¢y, dy + 32) = IN(¢,.¥37) — 
rey, dy cosy 3 + 7sing cos¢ sin» 
dy cosy 3 sing cos¢ sin 
tan v 
= (¢),v37) — 
sin ¢ cos ¢ _tan» | 7) 
dy d(v3)—3 
(gy, 4) + 4pt + = IN — tan (v3) 
+ ¢arc tan[tan tan J (v3) — (9) 


These formule suffice for the required reduction, and we may suppose given the 
simple logarithmic and cyclometric integral for evaluation. 


Somoff's theorem I deduce as follows : — 


Assume by Landen’s transformation, ascending, 


sing =(1 + sing de’ =(1 + )’)sin ¢’ sin( — ¢’)”)— (10) 


= +H) sin sin (457 — py”) (11) 
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i where ,3’, 7’, ¢’, »’ correspond to j3, 7, ¢, # respectively on the next higher ste 
of the modular scale. We have also 
j 1— 
(12) 
/ 
i+ 
ays Ju! dp! — ( 4, — 
cos p= (14) 
d¢ dg’ 
= (I I 
d¢ ( ( 5) 
whence 
2 i N2 a 
dy! cos pt Fy! (1 3’) sin? gy’ For ; 
/ = fo I 3’) sin 
/ (¢y,py) = + ’) dy! ) Jy! pe COS? 
1— 7" sin? p’ sin? Fe) 
(fy — cos? ¢’ 
= 7” sin’ ¢’ sin p’ cos Sy’ 
i dg’ | I 
sin’ ¢’ sin cos dn’, — : 
4 =: cos 
it 
sin p! 
— cos ( 457— wy’) = 
( / / ) Jp! 
/ 
a 
iy we have sin — cos ( — ( — py) 
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and, therefore, 
= wy) + (16) 
or, writing for brevity »‘ for the co-amplitude of y’, 
Mey, py) = Mey — (16) 


This I call Somoff’s theorem. Somoff, however, makes no use of it in 
this form. He employs a relation which is obtained from (16) by expressing 
457 — in terms of (¢’)7, n'y”) by (6). We have thus 


I +7sin sin ¢ 
I—ysinygsin¢ 


= 2/1 singe + (17) 


[TO BE CONTINUED. ] 


A SIMPLE DISCUSSION OF LOGARITHMIC ERRORS. 
By Pror. H. A. Howe, Denver, Col. 
[CONTINUED FROM VOL. II, PAGE 43. ] 

PROBLEM XI. 


To find the probable error of an interpolated logarithmic trigonometric fune- 
tion. 

Tables of logarithmic trigonometric functions may be divided into three 
classes. The first class embraces those in which the tabular difference is to be 
multiplied by a decimal of one, two, three, or, occasionally, four places. In this 
class we find 5, €, and 7-place tables in which the functions are given for each 
10 seconds or for each second, those tables in which the functions are given for 
each minute, and are interpolated for decimal parts of a minute, the 4-place tables 
in which the functions are given for each 10 minutes, and tables in which the dif- 
ferences of the successive values of the argument are tenths or hundredths of a 
degree. 

The second class includes those tables in which the functions are given for 
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each minute, and the proportional parts for 6, 7, 8, 9, 10, 20, 30, 40, and 50 sec- 
onds. Gauss’s or Hoiiel’s 5-place tables are such. 

In the third class are those 5 and 6-place tables in which the functions are 
given for each minute, and the variations of the functions for each second, these va- 
riations being carried to two decimal places. In Olney’s or Davies's 6-place tables 
these variations, though printed directly opposite the functions, should be placed 
half a line lower, since they have been so computed that they show the rate 
at which the function is varying at each half minute. In Schlomilch’s 5-place 
tables the variations have been found by dividing the differences between suc- 
cessive tabular functions by 60. 

Class I. The discussion of this class has already virtually been given in 


Problem I. If «be taken as 0.01,0.02, . . . 0.99 the average probable value 
of ac’ + (1 — 4#)e becomes 0.810 “ 0.25, and no appreciable change will be 
made if we have « equal to 0.001, 0.002, . . . 0.999. But taking into account 


the fact that « may be 0.0, in which case the probable error is 0.25, we find that, 
when + varies from 0.1 to 0.9, the average probable error is 0.31. When * va- 
ries from 0.01 to 0.99 and from 0.001 to 0.999, the average probable error is 0.32. 

Class II. In Hoiiel’s 5-place table, the functions in the tables of proportional 
parts are given to the nearest integer only. If the number of seconds has two 
figures and does not end in a cipher, two interpolations from the table of propor- 
tional parts must be taken, and the probable error of the sum of these is }/2.(0.25), 
or 0.35. If ~ denote the number of seconds and + = x/60, the error of the in- 
terpolated function would be (aside from the source of error just mentioned), 
ac’ +-(1 —x)c. Since the probable values of c’ and ¢ are each 0.25, we have the 
following formula for the probable error in this particular case : — 


Error = )/[a? + (1 — +)? + 2].(0.25). 
When but a single number is taken from the table of proportional parts the 
proper formula is 


Error = j/[4? + (1 — +)? + 1].(0.25). 


Substituting the values of 7, which range from 1/60 to 59/60 in the preceding 
formule, we find that the average of the probable errors is 0.39, the minimum 
being 0.31 and the maximum 0.43. 

But, if the functions in the tables of proportional parts had been given to 
tenths, as in Gauss’s table, and the interpolated functions had been carried to 6 
places, besides the quantity xc’ + (1 — x) c¢ there would have been, arising from 
the neglect of the 7th place, a probable error of 0.025 (in units of the 5th place) 
when the proportional part was given directly in the table, and of 0.035 if two 
entrances into the interpolation-table were made. This has so slight an effect 
that we pay no further attention to it, and assume that the error arising from 
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dropping the 6th place is 0.25. The last formula given above applies to this case, 
and for the average probable error we find 0.32. 

Class III. In Olney’s or Davies's 6-place tables the difference for one second 
has a probable error of 0.0025 in units of the 6th place. This is multiplied by 
numbers ranging from 0.1 to $9.9. The average probable error of the product is 
thus 30 X 0.0025, or 0.075. Combining this with the the probable error of the 
mantissa to which the product is added, and remembering that 0.25 is rejected 
when the result is limited to 6 places, we have 

Error = 1/[(0.25)? + (0.075)? + (0.25)"] = 0.36. 

The errors arising in the use of Schlomilch’s 5-place table are nearly the 
same in magnitude as those of the tables in Class I. Let /) be the apparent 
tabular difference and ” the number of seconds. We really multiply 2/60 (car- 
ried to hundredths) by ~. But this is practically equivalent to multiplying ~/60 
(carried to hundredths) by PY. Proceeding as under Case I, and including the 
error 0.075 which was lately mentioned, we find for the result 


Error = )/[(0.25)? + (0.810) (0.25)* + (0.075)7] = 0.33. 


Hence functions interpolated from Schlomilch’s table have a less probable error 
than those taken from Olney’s or Davies’s. This accords with the conclusion 
reached in Problem VI. 


PROBLEM XII. 
Given the logarithm of the tangent of an angle, to find the probable error of 
the corresponding interpolated angle. 
We divide the tables into the three classes given in Problem XI. 
Class I. The interpolation in this class of tables is like that in tables of 


logarithms of natural numbers. Hence the solution of this problem is similar to 
that of Problem II. If but one figure is interpolated we have 


Error = [ + (0.25)']. 


If more than one figure is interpolated we have (see under Class I of Problem 
XI) instead of 1.98, 8.10 / 4, or 2.02. For this case 


0.202 


Error = [ 10" | + (0.25) ]. 


By substituting the values of for different portions of the table, one can 
compute a series of values for the error. 

Class II. Let us assume that the proportional parts are given to tenths, as 
in Gauss’s table. Suppose that the angles are carried accurately to thousandths 
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of a minute by computing @/D). Since the neglect of the ten-thousandths would 
introduce a probable error of only 60’’ < 0.00025, or o’’o15 into the angle 
finally derived, and since the other errors are very much larger than this, we pay 
no further attention to it, but account the thousandths accurate. According to the 
reasoning in Problem II (remembering to use 0.810/4 instead of 0.793/4), we 
then have 0.202/D as the probable error. But, in reducing the angle to seconds, 
this error would be multiplied by 60”, giving the expression 12''12/D. The 
error thus far treated of arises from the inaccuracy of the tabular logarithms. 
But in using the tables of proportional parts given in Gauss, further error is 
introduced, because the proportional parts are carried to tenths only. Now, in 
general, if an angle be carried to hundredths of a second, three subtractions 
will be made, and at each subtraction a probable error of 0.025 of a unit is intro- 
duced into the remainder. Hence the probable error of the final remainder is 
0.025; 3. Since the change of the proportional part for 1’’ is ))/60, the effect 
in seconds of the error just mentioned is 0.025,;/3 + D/60, which equals 
1.5;/3/D =2.6/D). The final value of the angle being restricted to seconds, a 
further error, whose probable value is 0''25 is introduced. The three errors 
which we have discussed being independent of each other, the final result is 


4 > 2 ” 2 
Error = (22 + (0.25)* ]. 


Class III. In using Olney’s or Davies’s 6-place tables, the difference between 
the given logarithm and the tabular one has a probable error of 0.25. Denoting 
this difference by d, and the difference for 1’’ by D’, since the latter has a prob- 
able error of 0.0025, we divide d + 0.25 by D’ + 0.0025 and obtain the quotient 


ad 0.25 __ 
pt pt 


We really adopt the value @/D’. Hence the error is 0.25 /D’ = 0.0025 d/D”. 
If the result is restricted to tenths of a second, as usual, another error whose 
probable value is 0.025 is introduced. The average value of d/D’ is 30, and the 
formula for the average probable error becomes 


Error = \ [ 235 + } + (0.025)° 


or if D is taken as the difference for one minute, 


Error = + [+3 } + (0025) 


In employing Schlomilch’s table, if the difference for 1’’ were carried to 4 or 5 
places, and the interpolated seconds to hundredths, the result would be the same 
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as if d were divided by J, the quotient carried to 4 or 5 places of decimals, and 
then multiplied by 
But in this case the error due toc and c’ would be, according to Problem II, 
a 


whose probable value has been shown to be 0.202/ when expressed as a 
decimal of a minute, or 12.12/, when expressed in seconds. As in Olney’s 
table there is another error of 0.075 / )’ due to the inaccuracy of J’ ; when the in- 
terpolated seconds are not carried beyond units, 0.25 is the probable value of 
the rejected figures. Thus the final formula is (1’’ being the unit) 


> 0.202 ? 
Error = [ } + [ 2925 + (0.25) | 


PROBIL.EM XIII. 


To find the maximum errors in Problem X1. 


Class I. The maximum error is 1.0 in the #” place for z-place logarithms, as 
shown in Problem IV. 

Class II. For Hoiel’s table no figure is rejected from the result given by 
interpolation. In addition to the error caused by the incorrectness of the tabular 
logarithms, one is introduced depending on the fact that each of the two func- 
tions taken from the table of proportional parts may have an error of 0.5 in the 
fifth place, and these errors may conspire. The. formula then is 


Maximum error = +c’ + (1 — x)c¢ + 1.00 
== 1.50, 
If Gauss’s table be used, the error due to cutting off the functions in the 
tables of proportional parts at tenths of a unit of the fifth decimal place, may 


amount to 0.05 + 0.05, or 0.10. Since all figures beyond the fifth place are re- 
jected, another error of 0.5 may arise. Hence we have 


Maximum error = ac’ + (1 — r)¢ + 06 
= 3.10, 


Class III. In Olney’s table an error arises from the neglect of second differ- 
ences, which is often quite appreciable, but will not be treated of. The difference 
for 1’’ may have an error of 0.005 in units of the sixth place. The product of 
this by 59.9 (the largest number of seconds ever employed) is 0.30. The maxi- 
mum error of the tabular mantissa to which the proportional part is applied is 
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0.50. The rejected figures beyond the sixth place may amount to 0.50. Hence 
Maximum error = 1.30. 


If Schlémilch’s table be used, the error in the difference for 1’’, caused by 
terminating it at the second decimal place, may be 0.00} of a unit of the fifth 
place. This multiplied by 59 gives 0.20. This table is also subject to the error 
of those of Class I. Therefore 


Maximum error = 1.20 
PROBLEM XIV. 
To find the maximum errors in Problem XTT. 
Class I. From Problem V we get 


0.50 
Maximum error = 23° . 10’ + 0.50, 


in which 0 is the minimum value of ), and f denotes the number of figures 
interpolated. The error is given in units of the last interpolated figure. For 
angles taken from the logarithmic tangents of Bremiker’s 6-place table the for- 
mula gives 1.7 tenths of a second, or 0.17. 

Class II. We shall not discuss Hoiel’s table, because the value of the inter- 
polated seconds frequently depends upon the computer’s judgment. 

In using Gauss’s table let us suppose that the angles are carried to hun- 
dredths of a second, the process being to divide the difference d by the tabular 
difference D, and multiply the result by 60. Then by Problem II the error in sec- 
onds is 

d d 

Since the first two terms of the parenthesis are much larger than the others, we 
take them to find the condition for a maximum. Plainly, c’ must equal c. Sub- 
stituting 0.50 for them, the foregoing expression becomes 


w | 0.50 
60 [ D 


which is a maximum when J) is a minimum. The least value of Y in the tan- 
gent column is 25, and then the above expression = 120. But the employment 
of Gauss’s tables of proportional parts causes another error, because the 
functions in them are carried to tenths only. A little experimentation shows 
that the maximum error due to this cause, when D is near 25, is 020. In 
restricting the angle to the nearest second a possible error of 0'’50 is made, 
which added to those previously given makes Igo. It is hardly possible that 
this limit of inaccuracy is ever reached in practice. 
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Class III. In Olney’s table we assume that the difference for 1’’ has on/y the 
error 0.005, and that the next less tabular mantissa is 0.5 in error in the 6th 
place. Then Problem XII gives us 


” 
0.50 
Maximum error = + [ 4 + 


” 
7 0.05, 


in which 0” is the minimum value of /)’, and the interpolated seconds are termi- 
nated at tenths. Since 0’ = 4.21, the error is o'’24. 
In employing Schlomilch’s table there are three errors, the first due to the 


inaccuracy of the tabular logarithms, the second to the cutting off of 2’ at hun- 
dredths, and the third caused by restricting the interpolated angle to the nearest 


second. From previous discussions we readily get 


d 
Maximum error = 1''20 4 [ 00034 4 + 0’ + o"50 
0 


Assuming that d/0’ = 57, and 0’ = 0.42, this reduces to 215. In practice this 
error is never reached, and it is doubtful whether the limit 200 can be attained. 


PROBLEM XV. 


To compare the theories of Problems XI and XTI with the facts. 
In testing the theories of these Problems, Bremiker’s 6-place table was used 
as a specimen of those of Class I. 120 angles uniformly distributed between 5 
and 65°, and carried to seconds, were chosen, and their logarithmic tangents 
taken from each of the five tables given below. The results were compared with 
those obtained from Schron’s 7-place table, which was used as a standard. The 
averages of the errors, in units of the 7” place, for ~-place logarithms are given 


below :— 


Actual Errors. Theoretical Errors. 


Bremiker, 0.27 0.31 


Hoiel, 0.39 0.39 
Gauss, 0.31 0.32 
Olney, 0.36 0.36 
Schlomilch, 0.31 0.33 


The average of the errors of the functions taken from Bremiker was un- 
usually small. 

In testing the theories of Problem XII, 120 logarithmic tangents were 
taken, and the corresponding angles, which ranged from 35° to 45°, were ob- 
tained. Schron was used again as the standard. For Bremiker the average 
value of D was 43, and for Gauss, 26. For Olney and for Schlomilch the aver- 
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age values of D’ were 4.30 and 0.43 respectively. The average errors are tabu- 
lated below : — 


Actual Error. Theoretical Error. 
Bremiker, o''050 o''05 3 
Gauss, 0.45 0.54 
Olney, 0.063 0.066 
Schlomilch, 0.50 0.56 


Being dissatisfied with the discrepancies in the cases of Gauss and Schlo- 
milch, I worked out another set of 120 for each, taking care to have the resulting 
seconds quite uniformly distributed throughout the minute. Gauss’s error 
became 0153, but Schlomilch’s was for forward interpolation and 0''52 for 
backward interpolation. The seconds given by the interpolation backward dif- 
fered by a unit from those given by the forward, in 61 of the 120 angles; this 
portion of the table seems to be bewitched. 

Remakk.—As it may be of interest to know the different times required in 
using various tables, I append those for obtaining the 120 angles from their loga- 
rithmic tangents. Schron’s angles were carried to hundredths of a_ second, 
Bremiker's and Olney’s to tenths, and those from the remaining tables to 
seconds. The degrees and minutes were written down in Schron’s angles only, 
the seconds alone being recorded for the other tables. A multiplication table 
was used to facilitate interpolation from Olney. The seconds of each angle were 
found twice, once by forward interpolation, and once by backward, to insure 


their accuracy. 


First 40. Second 40. Third 4o. Total 

WM. m. mM. Sec. A. mM. 
Schron (7-place), 27. 40 25 10 I 13 50 
Bremiker (6-place), 14 O 15 13 45 40 oO 
Olney (6-place), 25 21 40 16 35 I 3 «495 
Gauss (5-place), 10 45 10 20 9 35 Oo 30 40 
Schlomilch (5-place), 12 40 II 30 Il 10 O 35 20 
Gernerth (5-place), 5. 4 25 4 30 Oo 14 I10 


In Gernerth's table the functions are given for each 10”. 


Nore.—Since logarithmic errors do not follow with exactness the laws of 
those treated of in the method of least squares, investigations based on the 
law assumed at the beginning of this series of articles cannot be expected to 
give results rigorously true; but their close approach to the truth, together with 
the difficulties of a rigid investigation of the subject, seem to justify the approx- 
imate method here employed. 
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EXPRESSION OF THE CO-EFFICIENTS OF STURM’S FUNCTIONS AS DE 
TERMINANTS. 


By Mr. Won. E. HEat, Marion, Ind. 


Let +. . @,4, =0 be an algebraic equa- 
tion of the x” degree, 


V=bax"~' + bx"? + bx" . . its first derived function, and 
(x) l x" m 1) anim +1 +4 1 +2) c ( 2) 
(7) ) x n m +1) x m+2 + a n m+3 ) 3) 


the — 2), (# —1)”, and Sturmian functions. Multiply equation (2) by an 
arbitrary function A,x + A,, of the first degree in x, subtract equation (1), and de- 
termine A,, A, so that the two highest terms shall vanish, and we get equation (3). 


Am—2 (am 1) m 1) 2) 1)72 2) lL) wm 1) 
Cj “p42 iG T & Cp +1 


Cp 


(4) 


Equation (4) enables us to calculate /,, (1) from /,, and (+). 


We may express c\”” in the form of a determinant, and write : 
Pp 
| 

(m 2 1) .(m 2) Am .(m 1 

Cp+2 » Cp +1 » » “p+2 


The equality of the two expressions of c"’ may be verified by expanding equa- 
tion (5), or we may deduce this equation at once, by observing that c,”’ is the re- 
sult of eliminating 4,, A, between the equations 


2) Asc" l O, 
— + + = 0. 
In the case in which f,,_,(*) = Uand /,,_,(*#) = lV’, we have 
| d,, 
= Q2, bz, b, | (0) 


+425 b, +25 b, +1] 
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Multiply the first column by » and subtract from the second, and we have 


|Q, O, O 
| 

— | Qo, Ay, (7) 
Soi 


Hence, rejecting the factor @,, supposed positive, we may write 
— | Qs, | 
+ baal’ 
It will, in general, be most convenient to deduce each of Sturm’s functions from 
the two preceding by the aid of equations (3) and (5), but it may be desirable to 
express each function in terms of U and V’; this may be done as follows : — 
J, (#) = 2,4 — U, 
(4) = (4) —V 
= 0,0,V—- 0,U—V 
= (2,2, — 1) V— Q,U, 
(2) = (x) 
= —1) V— 2,0, V—-QV+U 
= (22:0; — Q, — Q3) V—-(Q,0; — 1) U, 


where Q,, Q,, Q, are functions of the first degree in +. 


(8) 


In general Sin (+) = V — R,,U, (9) 
where P,,, X,, are functions of x of degree m, m — 1 respectively. 


my 


we seem to have 2 + 1 unknown quantities, but really have one less, since any 
one of the quantities 4, /> may be made = | by division; and, since we have to 
make the first 2% terms of equation (g) vanish, we have the right number of 
equations to enable us to determine the values of 4,, A,, . 
B,. . .£8,. Expanding equation (g), we see that c)” is the result of elimi- 
nating 4,, 4,, 4,,. . . 2,,. . . between the equations 


A,d, 
Bia, — Ba, + Ab, + Ap, 
Ba, — — Ba, + A,d, + + 
Ba, — — Ba, — Ba, + A,b, + + Ad, + Ad, 


+ A6,, Adbn— oe A,,d, 
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STURM’S FUNCTIONS AS DETERMINANTS. 


. . . . . . . . . . . . . . . . 


— Byam —1 — — — Ban 
+ A bom 2° An +1 b,, 


By ayn Baym ByQom B ay», 3 Bp +1 


A bum + Abs, . + A, Om +1 A, 


B +p Bam +p- —— +p B an, +p . B.A +p+ l 
A bain p 4 + A,,b», A, +1 b,, +p 
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HEAL. CO-EFFICIENTS OF STURM’S FUNCTIONS. 


EXAMPLE :— Let U= x* — + 147° + 4r—8=0, 


V = — 6x? 4+ 744+ 1. 
By equation (8) 


8, 
28, 
8, I 
_|= — 68, 
12, 7| 

=| = 24: 
— 32, 1] 


By equation (5) 


O, 5 
c? = 6, 17 = 76, 
7, —'17, 6 
I, oO, 5 
cy =| — 6, 5. —17/ = — 103; 
| 3 6, O 
f, (x) = 76% — 103 
5, 0, 7 
= cf’ =| — 17, 76, — 103) = 45375 
6, — 103, fe) 


To calculate /, (7) and /, (x) by equation (11) we have 


‘ 
velo 
= 52° — 174 + 6. 
ck, 
: 
| 7 
1, — 8, O, 
Pi 
6 = 16 X 70, 
14, 28, ) 
4, — 32, 12, 7 eae 
| I, 8, oO, 
| 2% —8 1 
28 16 X 103, 
| g O 
— 8, 28, — 8, O 
(3 14, 8, 12, 28, 8, I 
= 6 | = 04 1815. 
4, 14, 12, <0, ) 
4 
8, 4, O, 32, 12, 7 Gross 
Oo, 8, O, O, 32, I 
pokes 
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gO SOLUTIONS OF EXERCISES. 


SOLUTIONS OF EXERCISES. 


64 


A FLY-WHEEL weighing 12000 pounds with a rim of 10 feet diameter is 
driven by a piston pressure of 3000 pounds acting through a stroke of 3 feet. If 
the wheel be treated as concentrated in its rim, the weight of all other parts of 
the mechanism being neglected and the connecting-rod being treated as infinite 
in length, how many turns will the wheel make in 10 seconds ? 

[De Volson Wood.] 
SOLUTION. 


Let *¥ = angle between crank and connecting-rod, 
= length of crank, 


~ 


/ = piston pressure, 
7 = moment of inertia of wheel. 


Then = 5 =msin J, (1) 


where m= Fa! 


For the first stroke, let ¢ = initial value of ¥. Then 


( di 
‘a 2m (cos 4 — cos #), (2) 
y (2m). ¢ =f -- 
(cos 4 — cos?) 
Let sing = cos costa. Then 
> 


where = cos $a. 
For any succeeding stroke, let w = initial angular velocity, and o = initial 
value of then 


& 
7) =? + 2m (1 — cos #). (4) 


Let ¢ = z — 2¢; then 


> 


+ 4m). t= =K—F(h¢), ( 


~ 
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SOLUTIONS OF EXERCISES. gt 


No 


“+ 4m 
For the whole time of.any stroke, /(4, ¢) in (3) or (5) becomes 0, and we 
have 
ht, = (6) 
the subscript denoting the number of the stroke; or 
log ¢, = log A, — log 4,,. (7) 
Here hA=ym, + 4m), h, + 4m), ete. 
m m 
2 wy + 4m \ wo, + 4m 
From (2) and ( w,” = 2m (cos + 1), = 2m(cosu + 3), etc. Assume 
’ 2 3 
“a = 47, then w, = 2m, w, = 6m, = 10M, etc. 
In the problem given, / = 3000, a = 3, / = 1299" K 25; .°. m=0.483. 


Hence we may find 


log 9.8420 log 9.8495 log = 0.2681 
log h, = 9.9300 log k, = 9.9120 log K; = 0.3073 
log h, = 0.0409 log k, — g.8010 log K, —— 0.2498 
logh,=0.1140 logk,=9.7280 log A, = 0.2319 


log 4, = 0.1686 log *, = 9.6734 log A’, = 0.2230 

log h, = 0.2122 log &,, = 9.6298 log A, = 0.2177 

The values of A\,. . . K, 
mal, Vol. IV, p. 302. 

Substituting in (7), we may find 


were found from the table, Hoiiel’s Calcul /nfinitési- 


2666, 44-1618, 1.312, = 1.133. 


) 


The whole time of the first five strokes is 9.115 seconds. 
To find the angle described during the remaining 0.885 seconds we have 
from (5), 
=am [K,— 4) (7 + 4m).¢4,], mod. 4, 
= amo0.208, mod. 0.4264. 


By interpolation in the table (Calcul /nfinitisimal, Vol. 1V, p. 303), we find 


¢ = 0.1327/2; .°. 2¢ = 0.8682. The whole angle described in to 

seconds is therefore }z + 47 + 0.8687 = 5.3687, and the number of revolutions 

is 2.684. |Z. AZ Hoskins. | 
66 


SuHow that the difference between the radii of the inscribed and circum- 
scribed circles of a triangle is a minimum when the triangle is equilateral. 
D. Bohannan.| 
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Q2 SOLUTIONS OF EXERCISES. 


SOLUTION, 
If x and & be the radii of the inscribed and circumscribed circles of the 
triangle AAC, considering X as constant, we shall have 
1 —7/R = 2 — cos A — cos B — cos C = min. 
Considering C as constant, 
dA = — dB, 
—sindA + sin B=o, 
and similarly with regard to 2, C and C, 4 ; 
A=B=C [Ormond Stone. | 


67 
A wiys from B on an average 8 games of chess out of 11. What is the 
value of A’s chance in a match for $100 to be given to the player who shall first 
score three games ; drawn games not to be counted ? [LZ. G. Barbour.] 


SOLUTION. 
Let / be the probability that A will win the match; then 1oo/ will be the 
value of A’s chance. Denote by /,, /., f, the respective probabilities that A will 


win the third and the two preceding games, the fourth and two of the preceding 
games, the fifth and two of the preceding games ; then will 


3h: + Os; 
for A can evidently win two of three games in three ways, and two of four games 
in six ways. Now 


therefore OP, = 
and 100f, the value of A’s chance, is 
$14028800 + 161051 = $87.10 +. [A. B. Evans.) 
68 

FRom a point / in the plane of a parabola normals are drawn to the curve. 
Find the locus of P when the feet of the normals are the corners of a right tri- 
angle. [W. M. Thornton.| 

SOLUTION, 

Let y° = 4x be the equation of the parabola, %,, 1; 42, 2; 43, 7s. be the co- 

ordinates of the feet of the normals, and x, y the co-ordinates of ?. Then 


Hy — 43 
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SOLUTIONS OF 


or 
16a° 
or (1 + = — 160’. 


Also #;, 72, and y, are the roots of the cubic in jy’, 


or + — 4ax) 7’ — 8a*y = 0; 


IiI2 + Is(Ii + = 8a" — 4ax, 
= 8a*y. 


From (1), (2), (3), and (4), 


Ii + = 16a", (5) 
—(N + In)’ = 8a* — (6) 
IiI2(Ii + I2) = — Bary. (7) 
From (5) and (7), J2= — by. (8) 
From (5) and (6), Je = 4ax — 240°. (9) 
From (8) and (9) we have y’ = 16a (x — 6a). 
Therefore the required locus ts a parabola. 


ReMARK.—The locus passes through the points of intersection of the origi- 
nal parabola and its evolute, and touches the latter at the same points. 
[R. H. Graves.) 
69 
A STRAIGHT LINE is tangent to the parabola 8x — y* and to the circle x* + 3” , 


—4. Required the angle which this line makes with the %-axis. 
[O. Root.] 


SOLUTION. 


If m denotes the tangent of the required angle, the line will have for its 


equation 
2 
y= —, 
m 
or y= mx + 2, (1 + mm’). 


That these may be identical we must have 
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94 SOLUTIONS OF EXERCISES 


There are accordingly two solutions, represented by the equations 


y=+vl[t0 5-1) 1]. 


or + 38°10! nearly. U. Taylor.) 
7O 


A RIGHT ANGLE moves so that a given point in one side, distant ¢c from the 
vertex, lies in a fixed axis, while the other side passes through a fixed point, dis- 
tant ¢ from this axis. Find the locus of the instantaneous centres or centrodes 
of the motion. R. 11. Graves.) 


SOLUTION 


Let / be the moving right angle, 4 the given point lying in the fixed axis 
Di, while O is a fixed point through which one side constant- F| 
ly passes. Also let d’ = OD. Draw AC and OC at right 
angles to 1) and OF. Their intersection C is the instanta- 
neous centre. 

Evidently OV=AN; CO=CA; .:. locus of Cin 
the fixed plane is a parabola whose focus is O and directrix 
is #D. Also, in the moving plane, the locus of C is an equal 
parabola whose focus is A and directrix is OF. Mand K, 
the middle points of 48 and O/ and the vertices of the parabolas, coincide 


when AF coincides with OD. 

Newton showed that 7 generates a cissoid. Also, d moves in a straight 
line. The cissoid and right line are known to be the loci of the vertex and focus 
of a parabola rolling on an equal parabola, corresponding points being in con- 
tact. [R. H. Graves.] 

| Prof. Bohannan solves in the same way. Dr. Hendricks refers us to a so- 
lution in the Analyst, V, 55.| 

71 

A LINE of unit length is bent to the arc of a circle such that the area of the 
segment it determines is a maximum. Find the radius of the circle and the 
form and area of the segment. [O. Root, /r.] 


SOLUTION. 


Assuming that the unit length is not greater than one circumference, the 


area of the segment is 


— 
«Fe ¢ 
 &§ and the required angle is 
! + ($5 — 1], 
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EXERCISES. 95 


the angle being expressed in radial measure. Fora maximum or minimum value, 


1 I 
cos — | cos — —2rsin— | =O, 
2r 2r 
I I I 
i.e. COS — =O, or tan — = —. 
2r ar 
The second relation is only true for a zero-angle, and need not be consid- 


I 
ered. cos 3, = © gives, under our assumption, 


The variable factor of the second differential co-efficient of the given function is 
—2sin-+ -cos-+ -—sIn-. 


Since 1/7 = 7, this expression is negative; therefore the above value of + cor- 
responds to a maximum. 

Thus the segment is a semi-circle, and its area, in terms of the square on 
the given unit (a semi-circumference), is 7/2 or 1/ 27. 


[R. D. Bohannan.] 


EXERCISES. 
79 
CONSTRUCT a square; given one vertex and two circles on which the ex- 
tremities of the opposite diagonal lie. [R. D. Bohannan. | 
80 
In exercise 4, what is the probability that the random circle exceeds the 
average circle. [ Artemas Martin. | 
81 
Finp the equation to the curve whose ordinates represent the areas of the 
triangles in exercise 68, [R. H. Graves.] 
82 


THE major axes of two similar and equal concentric ellipses intersect at 
right angles, and the area common to the two curves is half that of either ellipse. 
Find the excentricity. [ Ormond Stone.] 
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gO EXERCISES. 
83 
Tue middle point of the segment AA is 7. Find the locus of P when PAZ 
is a Mean proportional between ?A and PBA. [Z. G. Carpenter.| 
84 


Finp the thinnest frustum that can be cut from a given right circular cone 
by a plane parallel to the base, subject to the condition that it may be laid on its 
slant surface on a horizontal plane without toppling over. 

[W. MW. Thornton.) 
SELECTED. 
85 

Finp the locus of the points from which the sum of the squares of the nor- 

mals to the parabola jy”? = 2px is constant. 
86 

Stow that the lines of curvature of the hyperbolic paraboloid contain the 
points on the surface which are equidistant from the two principal rectilinear 
generatrices. 

S7 

Fixnp the angle between the axes that 2° + 2y + 3? =o may be at right 
angles. 

838 

AN ellipse referred to equi-conjugate diameters inclined at , has for equation 
a’? +4 3?=c’. Find the equation with reference to the same axes to the locus of 
the intersection point of orthogonal tangents. 

89 

SoLvE the cubic g2* + 9x = 2. 

90 

SHow that if « be acute, one value of log (1 + cos 2x + 7 sin 2) is zx + 
log (2 cos 2). 

91 

AN equilateral triangle, side 2a, slides in a plane with one angular point on 
each of two rectangular axes. Find the locus of the third vertex. 

92 
From the point of contract of two equal circles 4, 4 points A, B move on 


their circumferences with equal velocities in opposite directions. Find the mo- 
tion of # relative to A. 
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ERRATA. 


Vol. II. p. 60, first and last formula, for x read r,. 
Vol. I. p. 61, first formula should be 

2x 


= a “y,, when the orbit of the comet is a parabola. 
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Vol. II. p. 62, formula for cubic equation, for 4,4,!, read a,ia,, and for tan ¢ read 
tan 


x 
2 
: ° 
q 
4 
yer 
i 
| 
: 
‘ 
7 
t 


